This paper presents a method for determining feasible axes of rotation for setup planning, based on the visibility of a polyhedral model. The intent of this work was to develop a feature-free approach to setup planning, with the specific focus on multi-axis machine setups. Visibility mapping can provide a quantitative evaluation of a surface, a feature or an entire part model; however, the next step is to use this information for process planning. In this paper, we present an approach of using a visibility map to evaluate axes of rotation that could be used in an indexer-type setup on a machine tool. Instead of using expensive and complicated multi-axis machining, it may be feasible to machine using multiple three-axis toolpaths if a single axis of rotation can be used to rotate the part through the minimum set of orientations. An algorithm is presented that is capable of processing visibility information from a polyhedral model; hence, the method is generic and does not require feature detection. As such, the work is applicable to a variety of applications; in particular for subtractive rapid prototyping where complex geometry may not contain recognizable features. This paper presents a method for determining feasible axes of rotation for setup planning, based on the visibility of a polyhedral model. The intent of this work was to develop a feature-free approach to setup planning, with the specific focus on multi-axis machine setups. Visibility mapping can provide a quantitative evaluation of a surface, a feature or an entire part model; however, the next step is to use this information for process planning. In this paper, we present an approach of using a visibility map to evaluate axes of rotation that could be used in an indexer-type setup on a machine tool. Instead of using expensive and complicated multi-axis machining, it may be feasible to machine using multiple three-axis toolpaths if a single axis of rotation can be used to rotate the part through the minimum set of orientations. An algorithm is presented that is capable of processing visibility information from a polyhedral model; hence, the method is generic and does not require feature detection. As such, the work is applicable to a variety of applications; in particular for subtractive rapid prototyping where complex geometry may not contain recognizable features.
Introduction
Computer numerically controlled (CNC) machining is widely used in the creation of complex shapes for aerospace, automobile and biomedical industries and lately for use in subtractive rapid prototyping (SRP). As a material removal process controlled by programs, CNC machining has demonstrated its capabilities in accuracy, efficiency and repeatability. It is particularly flexible in that it can use a wide range of materials unlike almost any other manufacturing or rapid prototyping (RP) processes. However, CNC machining is still limited by the complexity in process planning required to create the numerical control (NC) code. In particular tool accessibility, which is required by a material removal process, is a significant challenge in the implementation of CNC machining, especially for rapid prototyping. An accessibility analysis is required before a machining operation can be processed. The more accessibility a machining setup provides, the more complex shapes it is able to machine; therefore, accessibility is an indicator to describe the flexibility and versatility of a machine, or of a particular machine setup. Modern multi-axis CNC machines rely heavily on the simultaneous motions of several axes in order to access the cutting surfaces of the part. The complexity and cost involved in process planning and programming to generate the toolpaths increases as the number of controlled axes increases (typically [2] [3] [4] [5] . Similarly, the cost of a CNC machine increases significantly with the number of controllable axes. With this in mind, an economical method for machining complex geometries is sought, with the purpose of reducing the cost and difficulty related to process planning. This may be possible if a set of setup orientations about a rotary indexer can machine the part completely, and only require simpler three-axis programming.
Accessibility of milling machines is often geometrically approximated by the concept of visibility, in the form of line-ofsight accessibility. Hence, the accessibility of a three-axis milling machines is a single point on a unit sphere whereas the accessibility of four-and five-axis machines expand to a great arc and a cone on a unit sphere, respectively. Since a geometric point is the constitutive element comprising a one-dimensional arc and a two-dimensional cone, the capability of a three-axis machine is therefore a subset of that of a four-axis machine, and hence a subset of a five-axis machine. In addition to regular three-five axis machines, three-axis machines with a fourth axis indexer provide inclined end milling capabilities on three-axis machines in order to create curved surfaces [1] and generally increased accessibility. A four-axis indexed machine is constructed from a three-axis machine with at least one, but sometimes two opposing chucks mounted on the work table. A four-axis indexed machine rotates the workpiece about the axis of rotation between operations; thus, its accessibility is a great circle, instead of a great arc, allowing access to the workpiece from all radial directions about the axis of rotation. This capability avoids numerous refixturing/reclamping operations and can allow access to some undercut regions. Recently, this method of four-axis indexed machining has been implemented as a rapid prototyping strategy called CNC-RP and has demonstrated capability in creating complex geometries without the use of complex four-and fiveaxis NC programming [2] . This paper is motivated in part by unsolved problems in the complete implementation of the CNC-RP method in software. This work can avoid one manual operation that the user currently performs, a detrimental characteristic with regard to the expectations of process planning for an RP process. This step is the initial selection of an axis of rotation for a particular part geometry.
The selection of an axis of rotation is a critical step in the implementation of a four-axis indexed machining strategy. A proper axis of rotation provides better accessibility, reducing the Contributed by the Manufacturing Engineering Division of ASME for publication in the JOURNAL OF number of setups and the need for refixturing. Figure 1 shows a simple cubic part with a hemisphere pocket on one side to illustrate axes selection. A poorly chosen axis of rotation produces an inaccessible surface that requires a second setup, while a better axis can obviously make the part machinable in one setup. Granted, a proper axis for this part may seem intuitive; however, for a part with complex freeform surfaces, an analytical method for searching feasible axes of rotation is necessary.
In this work, the attempt is to develop methods that will work for the general case of freeform or arbitrarily shaped geometries; ones that are not necessarily constructed from feature-based modeling tools, or where identifiable features can be detected. Today, RP and reverse engineering (RE) methods are becoming commonplace, and these tools allow process planning from polygonal files stereolithography (STL) that do not necessarily provide any detailed part information, such as a model tree with "features." An additive RP machine, for example, need not recognize that it is depositing the layers corresponding to a cylindrical hole or the end of a human femur bone. Similarly, the point or voxel information obtained from a laser, white light or other scanner, or almost any medical imaging technology, does not directly recognize that it is scanning a particular part, tool, bone or otherwise. An underlying motivation for the methods proposed in this paper is to make it unnecessary to obtain feature information, in this case, for a process like SRP. In most any attempt at SRP, including the authors' work on CNC-RP, it is not necessary or sometimes possible to define a feature like a "hole" or "pocket;" hence, common feature-specific operations like drilling, boring, and reaming are not employed. Instead, SRP systems typically use simple waterline toolpaths, analogous to layer-based additive RP, only in a subtractive manner. Although machining using multiple layerbased subtractive toolpaths is highly inefficient (shape-specific tools like drills are obviously ideal for holes), what results is a process that is exceedingly flexible to almost any machinable geometry. For example, Fig. 2 shows the final machined form of a 70% scale human femur bone via CNC-RP in the laboratory. More important, process planning can be completely automated; again, an important motivation for this work, where we wish to automatically determine setups in order to avoid extensive preprocess engineering and skill when creating prototypes, very shortrun or service parts, or custom machined components.
Literature Review
Workpiece setup in CNC machining is directly related to a part's manufacturability and the resulting quality of the machined surfaces; therefore, research on this issue has received extensive attention. Much of the literature employs the concept of features and related feature recognition methods, which can facilitate process planning by linking geometric part information to manufacturing processes. A feature is an aggregate of geometric entities that together convey important information to the downstream manufacturing activities. Feature recognition is the first step in performing feature-based analysis. A number of reviews on feature recognition can be found in Refs. [3] [4] [5] [6] [7] . Assuming features can be recognized, design information becomes interpretable in the manufacturing stage, which facilitates concurrent engineering and thus speeds up the product development cycle.
The recognized features on a design model and their interrelation make the design description ready for machining setup planning. Ferreira and Liu developed a rule-based system to generate setup orientations for workpieces described with features [8] . Demey et al., determined the minimal number of setups, considering both the physical conditions and the economical and quality issues [9] . Chu and Gadh classified features into single approach direction features and multi-approach direction features, and then determined the minimized number of setups along with knowledge-based rules [10] . The rule-based approaches allow setups generated with user-intended objectives, therefore provide the integration of human knowledge into manufacturing process planning. In determining setup orientations, feature-based workpieces are also receiving other physical constraints from machine configurations and fixturing devices [11] . Wu and Chang developed an automated setup selection method based on tolerance analysis [12] . The setups are ranked and then released for fixture selection. Yen et al., integrated setup planning with geometric positioning and tolerancing for fixture planning [13] . To meet the constraints imposed on setup planning from machine capabilities and design information, a number of techniques such as fuzzy-set [14] and genetic algorithm and simulated annealing [15] have been used for searching for optimal solutions.
The reason for using feature-based approaches owes somewhat to the fact that most designs, particularly those for mechanical parts, are geometrically composed of features. However, the increasing need to handle freeform shapes such as those reconstructed from reverse engineering techniques (e.g., laser scanning, computer tomography and magnetic resonance imaging scanning) pose new challenges to manufacturing process planning. On those freeform shapes, there may be no definable "features," which lends feature-based approaches incapable. Since the primary concern of setup planning for material removal processes is to provide accessibility for the cutting tool, researchers identified visibility as the necessary condition of providing accessibility and have used it to extract setup planning through geometric operations. Suh and Kang used a discretized model to construct global visibility and a similar method to find a feasible setup orientation for four-axis milling [16] . Gan et al. constructed a visibility map from a Gaussian map [17] . Other researchers used the visibility map constructed from a Gaussian map to compute setup orientations for four-and five-axis machining [18] [19] [20] . For four-axis milling, a feasible setup orientation should be one that allows a great circle orthogonal to it to intersect all spherical visibility polygons ( Fig. 3) . However, the visibility constructed from Gaussian maps is local visibility that cannot guarantee global accessibility.
Visibility
Visibility describes the accessibility of a line of sight. A line connecting a point A on a surface with a viewing point not obstructed by any other surfaces or objects, is said to denote a visible direction of point A. Depending on the location of the viewing point relative to point A, visibility is classified as one of two categories: local visibility and global visibility. The viewing point of local visibility is relatively close to the point and does not consider all surrounding surfaces/objects as obstacles to visibility. Local visibility of a point is determined only by its normal vector. However, global visibility must consider all surrounding surfaces and objects, which could be potential obstacles blocking visibility. Therefore, global visibility provides a more accurate description of accessibility. It can be said that for manufacturing process planning, global visibility gains greater importance as the complexity of geometry of the part surfaces increases.
As a material removal process, CNC machining requires accessibility by the cutting tools, which makes the determination of global visibility a critical step in process planning. Suh and Kang constructed a binary spherical map to compute global visibility [16] . However, it cannot obtain the exact global visibility, because the computed visibility actually represents the visibility of the centroid of each triangular patch on the surface model. Dhaliwal et al., computed accurate nonvisibility for an object represented by triangular facets by projection and convex hull operations [21] . Balasubramaniam et al., used graphic techniques to obtain visibility information [22] . However, graphic based approaches may not render exact visibility due to the resolution of the hardware.
In this paper, an approach developed by the authors to compute exact visibility is used to generate feasible axes of rotation for four-axis indexed milling operations. The previous work on visibility is based on determining its complementary set, nonvisibility. Since the visibility cone and nonvisibility cone are complementary sets on a unit hemisphere, given one of them, the other can be obtained. In the authors' previous work [23] , the nonvisibility cone is computed; the visibility cone can then be obtained by subtracting the nonvisibility cone from the hemisphere surface. Given a hemisphere that is discretized into grid points, our previous method [23] is able to compute the nonvisibility cone and mark those points within the nonvisibility cone to be nonvisible directions. The rest of the points outside the nonvisibility cone can then be marked as visible directions; collectively they become the visibility cone. A nonvisibility cone due to one obstacle facet is obtained by tracing a 3D light beam extruded from the facet under analysis along the boundary of the obstacle facet (Fig. 4) . This approach is able to compute visibility for convex polygons with any number of sides, not limited to triangular facetted models; therefore, it has flexibility for various input models [23] . Moreover visibility is facet-based visibility, instead of point-based visibility. Point-based visibility is not as accurate as facet-based visibility because the visibility of a point on a facet does not represent the visibility of the entire facet. Since every point on the base facet is involved in extruding into a 3D light beam, the computed visibility is guaranteed for every point on the facet.
From Visibility to Axis of Rotation
Though visibility is generally represented as a cone on a unit sphere, this section will begin with analysis of the simplest form of visibility-point visibility, and then extend to two more complex forms of visibility-arc visibility and cone visibility. Point visibility, as the basic element, constitutes arc visibility and cone visibility. In this section, the relations between these three forms of visibility and axes of rotation are identified, which will facilitate the search for axes of rotation. [23] ; (a)-(e), tracing the boundary of an obstacle polygon with respect to another polygon, and (f) coinciding swept arcs of the nonvisibility map on a unit sphere 4.1 Point Visibility. Point visibility is the simplest form of visibility and its relation with axes of rotation will be used to determine further relations of arc and cone visibilies to axes of rotation. In a milling machine setup, a feasible cutting direction to a surface patch can be geometrically interpreted as a point visibility to that surface patch and is denoted as a point on a unit sphere. Given this cutting direction, the X axis of the machine, which aligns with the axis of rotation in a typical four-axis indexed setup, can be oriented (in the x-y plane) anywhere as a feasible orientation as long as it is perpendicular to the cutting direction (Fig. 5 ). Figure 5 shows four instances of feasible axes of rotation for the same cutting direction. These four axes of rotation are mapped as four points on the great circle perpendicular to the point visibility on the unit sphere. Collectively, all feasible axes of rotation perpendicular to the cutting direction form a great circle on the unit sphere. Therefore, the first relation can be stated as: Each point visibility corresponds to one great circle of axes of rotation.
Arc Visibility.
The arc visibility considered in this paper is limited to great arcs on a unit sphere. Since an arc of visibility is a collection of point visibility, the axes of rotation of the arc are the collection of all axes of rotation corresponding to each visibility point constituting that great arc. A great arc on a unit sphere can be perceived as the trajectory of a visibility point moving from one end of the arc to the other. The great circle, representing feasible axes of rotation for each point on the arc, maintains a perpendicular relation with the point visibility on the unit sphere. As a visibility point moves on a great arc on the unit sphere, the great circle perpendicular to it will rotate as well. The set of all feasible axes of rotation corresponding to an arc of visibility is the spherical area that the great circle sweeps on the unit sphere, which is the area between two great circles corresponding to the two end points of the great arc (shaded area in Fig. 6) .
Therefore, the second relation can be stated as: Each great arc of visibility generates an area between two great circles, corresponding to the end points of the great arc for feasible axes of rotation.
Cone Visibility.
In most cases, visibility is given as a visibility cone, which maps onto the unit sphere as a region or a number of separate regions. Unlike an arc of visibility that can be represented by a trajectory of point visibility, a visibility cone usually cannot be represented into a set of equal-length great arcs. Instead, a visibility cone can be discretized into a series of great arcs truncated from great circles by the visibility cone boundary (Fig. 7) . If axes of rotation for each of these great arcs are obtained, then their union gives the feasible axes of rotation for the visibility cone.
Therefore, the third relation can be stated as: A visibility cone corresponds to the union of axes of rotation of the great arcs used to approximate the visibility cone.
The three relations stated above are used to map visibility information to axes of rotation on a unit sphere. However, the visibility calculation is only neccessary for facets located on concave regions (regions on the concave areas of a computer-aided design (CAD) model), since a facet on a convex region (regions on the convex hull) has visibility up to a hemisphere; which includes an infinite number of half great circles. From the second relation in Sec. 4.2, a half great circle of visibility corresponds to the area between the two great circles corresponding to the two end points of the half circle, which is actually a complete unit sphere surface (Fig. 8) . Therefore, any axis can serve as a feasible axis of rotation for convex facets.
Computing Axes of Rotation
Practically, the visibility of a polygonal facet is given as a 3D visibility cone, which maps on the unit sphere as a region or a (Fig. 7) . This approximation is termed as rasterization, by which 3D visibility cones for each facet F i (i ¼ 1, …, m) are approximated by a raster of great arcs (great arc GA ij , j ¼ 1, …, n). Axes of rotation can then be obtained from these rasterized great arcs using the relation stated in Sec. 4.2.
5.1 Rasterization of the Visibility Cone. From Sec. 4.3, a visibility cone can be approximated by a set of great arcs contained within the boundary of the visibility cone. The rasterization for a visibility cone can be executed in an infinite number of ways, depending on the normal directions of the great arcs that cover the visibility region. The representation for a great arc GA ij can be written in a five-variable format
where V ! xij ; V ! yij ; V ! zij are the components of the great arc GA ij 's normal vector V ! along X, Y, and Z axes; S ij ; E ij are the two ending points where the great arc GA ij intersects the visibility boundary of facet F i (Fig. 9) . The two ending points S ij ; E ij of the great arc GA ij depend on the normal vector V ! ¼ ð V ! xij ; V ! yij ; V ! zij Þ, as the great arc GA ij intersects the visibility boundary at different locations when the normal vector changes.
Given a limited number of great arcs to rasterize a visibility cone, it is an interesting problem to find an optimal set of great arcs to cover the visibility cone. The challenge would be to ensure that the axes of rotation computed from these great arcs best approximate the axes of rotation of the visibility cone; however, it is outside the scope of this paper.
In this research, the authors used a straightforward method by which all great arcs used to approximate a visibility cone are part of great half circles pivoting along a common axis with a fixed interval angle, b, among them (Fig. 10) . The use of great arcs about a common pivoting axis provides a vertical relation between great arcs' normal vectors and the common axis, as below
where I, J, and K are the directional components of the common pivoting axis. In addition to this relationship, the unit sphere where ð V ! xij ; V ! yij ; V ! zij Þ locates makes the magnitude of vector V ! to be 1, as below
Conditions (1) and (2) With a fixed interval angle b among half circles, angle c j can be calculated sequentially as c j ¼ ðj À 1Þ Â b, where j is the sequential number of the great half circle (Fig. 11) . For example, in this study, b is given as 0.5 deg; therefore, the first great half circle aligning with positive X axis has j ¼ 1 and c 1 ¼ 0 deg ; the great half circle aligning with negative X axis has j ¼ 361 and c 361 ¼ 180 deg. Since visibility is computed for all facets comprising a polygonal model, the pivoting axis is made to be Y axis for rasterizing the visibility cone for each facet. Therefore, a unit sphere rasterized with great half circles pivoting around Y axis will satisfy all facets of the CAD model. The visibility cone of each facet will be mapped upon this unit sphere by computing the two intersection points S ij and E ij of each great circle with the visibility cone boundary. Upon obtaining the two intersection points S ij and E ij , a great visibility arc is then ready for mapping to axes of rotation using the relation stated in Sec. 4.2.
Discretization of Great Half
Circles. In addition to discretizing a unit sphere into a raster of great half circles pivoting around the Y axis with an interval angle b, each of these great half circles is further discretized into a circular array of points, with an interval angle a on the half circle plane (Fig. 12(a) ). In this manner, the unit sphere is discretized into a spherical grid of points ( Fig. 12(b) ). This eases both computational and implementation effort and avoids numerical complexity. Both the areas of the visibility cone and axes of rotation can be represented using discretized points. The number of points on a unit sphere is Using the rasterization process above and the relations in Sec. 4, the axes of rotation for a CAD model can be computed. Each 2D visibility great arc (GA ij ) corresponds to an area for feasible axes of rotation on the unit sphere (AR ij is used to represent the area of axes of rotation for visibility GA ij , AR ij , j ¼ 1, …, n). The union of these areas (AR ij , j ¼ 1, …, n) of all great arcs (great arc GA ij , i ¼ 1, …, n) is the set of feasible axes of rotation for facet F i on the unit sphere. Therefore, for a polygonal facet, the process for finding feasible axes of rotation begin by computing visibility and then mapping visibility cones onto a unit sphere and rasterizing with great arcs. Then, the corresponding axes of rotation areas of each great arc are grouped as a union to represent all feasible axes of rotation for that facet. This process repeats for all facets (i ¼ 1, …, m) and any axes of rotation shared commonly by all facets are the globally feasible axes of rotation for the part. This process is summarized below in the following steps.
Step 1: Compute visibility cone for facet i (i ¼ 1, …, m)
Step 2: Rasterize visibility cones by a set of great arcs arc i,j (j ¼ 1, …, n) Step 3: Find possible axes of rotation from great arcs GA ij ! AR i;j ðj ¼ 1; …; nÞ
Step 4: Continue for all facets
Step 5: Global set of axes of rotation becomes:
The proposed method for computing feasible axes of rotation was implemented in C programming language on a Pentium IV, 3.06 GHz PC running Windows XP. Several example parts were tested using the software; many of which have been subsequently machined on a CNC mill in the laboratory. In this section, the authors provided three increasingly complex models, which either do or do not contain feasible axes of rotation. A more complex model is illustrated to provide a detailed comparison of the difference between using feature-based methods and those proposed in this paper.
The axes of rotation found by the software are presented as points on the unit sphere, as described above. However, since two antipodal points on a unit sphere are actually denoting one axis of rotation, only a hemisphere is rasterized with great arcs. This is due to the fact that for antipodal points, any point on one hemisphere can be diametrically mapped on to the other hemisphere. In this study, the interval angle b between any two adjacent great half circles to rasterize a hemisphere was set to 0.5 deg and each half great circle was discretized into points with an interval angle a of 0.5 deg (Fig. 13) . Using this rasterization, a hemisphere is approximated by 361 great half circles, each of which is discretized into 361 points. While the relation in Sec. 4.2 was implemented, for any point falling into the spherical area denoting Fig. 12 Discretization of a unit sphere; (a) circular point array on a great half circle, (b) sphere represented by a grid of points feasible axes of rotation for a facet, the value for that point will be added by one. In other words, each orientation on the sphere is given a value representing the number of facets that it would satisfy. Therefore, if a point's value is equal to the number of facets in the model, then a globally feasible axis has been found. Any given part model could have one, several, or no feasible axis that would satisfy all facets. However, if no single axis of rotation exists, one could alternately select the axis with the most facet coverage. A flowchart is used to illustrate the process of computing axes of rotation and the decision-making after all facets are processed (Fig. 14) . In the case where globally feasible axes do not exist, all the axes will be sorted in descending order of facet coverage, and the axes with top coverage values will be presented to the user. Moreover, the coverage values for each axis could be used in a more elaborate decision system, for example, if the user was not only interested in visibility from an axis, but also in minimizing stock diameters required to contain the part, tool length requirements, stock length along the axis, etc.
The first example illustrated in Fig. 15 yields the obvious conclusion that at most two mutually orthogonal square pockets can be machined using a four-axis indexed setup; however, three orthogonal square pockets result in no feasible axis of rotation. The part with two orthogonal square pockets has two antipodal points on the equator of a hemisphere as one feasible axis of rotation ( Fig. 15(b) ). This result could inform a designer about the actual manufacturability of a prismatic part with pockets on its sides. If there are more than two orthogonal pockets, the part will need more than one axis of rotation and therefore at least two machining setups if employing a four-axis indexed machine.
Example 2 is a simple block with a cylindrical thru-hole, which is used to compare feature-based versus feature-free analysis ( Fig. 16(a) ). Using a feature-based approach; the cylindrical thruhole will have only single point visibility on top of a hemisphere and therefore one great circle as feasible axes of rotation, represented by the equator of the hemisphere (Fig. 16(b) ). To illustrate the feature-free approach, an STL model was used to compute axes of rotation for each facet, which yields the result shown in Fig. 16(c) . The feasible axes of rotation are more than just one great circle as in the feature-based approach; rather, they form a spherical band on the hemisphere with a width of 15.5 deg. This suggests that a feature-free approach can lead to more solution sets for machining process planning. In this example, the traditional feature-based approach restricts the axis of rotation to be perpendicular to the hole's visibility direction; whereas a featurefree approach allows the part model to tilt up to 15.5 deg.
This simple example can be illustrated as a part setup on an indexed milling machine using opposing indexer and tailstock chucks, as shown in Fig. 17 . In the feature-based approach, the part model would need to be machined such that the hole is perpendicular to the rotary axis ( Fig. 17(a)) ; however, the featurefree analysis indicates that the part could be tipped from vertical ( Fig. 17(b) ).
Of course, a practical machinist would perhaps never set up a part in the manner shown in Fig. 17(b) . Moreover, the hole may not even be manufacturable in this setup unless very small diameter tools or a different cutting process was available (e.g., wire electric discharge machining). Further accessibility analysis is required; this current work is only based on visibility. So, one may argue that the analysis results are not of much use; however, this is only a simple example. The benefits of the analysis may be more readily understood if, instead of a simple hole, the "feature" was the Acetabulum of a human pelvis (the "hip socket"). In that case, there are numerous complex bone surfaces forcing the setup selection down a very narrow solution path. Allowing more options to access each bone surface may make it possible to find at least one solution; if not a "best" solution may be derived that will allow access to the most surfaces in one setup.
As a more practical example, an industrial linkage represented with an STL file with 2196 facets was tested ( Fig. 18(a) ). The axis of rotation software was executed and the results indicated that no axis of rotation exists for the entire linkage. Though no axis of rotation was found to cover all 2196 facets, there are spherical regions that have been identified to satisfy over 99% of the facets on the linkage model. Three spherical areas (clusters 1, 2, and 3), that satisfy over 99% of facets, are displayed in Fig. 18(b) and their details are provided in Table 1 . Each cluster is one or a group of axes listed with the number of axes and the number of facets that they make visible through rotations. The axes indicated on the hemisphere indicate that rotations at or around the x-or y-axis of the part will work for the most surfaces, which should be intuitive by observation. It has been further verified by machining the part in the lab using a three-axis Fadal vertical machining center using a programmable fourth axis indexer. One will note that this model should have at least one axis that satisfies all facets in the model. Recall, this is a facetted model created in the form of an STL model. Tessellation processes are inherently approximate, for example, the "straight" surfaces in a thru-hole become slightly tipped triangular facets. Moreover, these representations are prone to errors, from degenerate facets, to flipped normals, to numerical round-off errors. Hence, a further challenge is to balance the problem of needing a fine resolution polygonal model for accurate calculations, but without egregious increases in computation time. In these three examples; the block with prismatic pockets, block with thru-hole and the linkage had computation times of 12, 27, and 1257 s, respectively. Table 2 shows the geometries of these three example part models, their computational times as well as the number of tessellated facets on their surfaces. Referring to the algorithm described in Fig. 14 , the first step, computing visibility, has a computational complexity of O(n 2 ) [23] , while the following steps have a computational complexity of O(n). Overall the computational complexity of computing axes for a model with n-facets is O(n 2 ). There exist many opportunities to improve the method, and perhaps reduce computation times; however, that was outside of the scope of this paper. In addition, one could preprocess the polygonal models to avoid propagating tessellation errors into the analysis. However, the authors chose to present these examples as-is, to reveal the limitations and challenges of conducting analysis using a feature-free approach. Regardless, these three example parts illustrated the effectiveness of the axis algorithm and provide support for the use of feature-free analysis in certain process planning problems.
Conclusion
In this paper a feature-free approach to determine feasible axes of rotation for four-axis indexed processes is presented. Without relying on feature recognition, the approach can calculate setup orientations for arbitrarily shaped parts. It begins with visibility computation of facets comprising the geometric model. Next, the visibility cone is rasterized into great arcs and then each visibility arc is mapped onto axes of rotation using their geometric relation. This approach can also provide an expanded space for searching optimal axes of rotation in terms of minimum stock size, machining time, surface roughness, etc., regardless of whether a globally feasible axis exists. For example, stock size can be minimized by searching for an axis of rotation that incurs the minimum enclosing cylinder of the CAD model. Machining time and surface roughness then depends on the selection of machining orientations orthogonal to the axis of rotation. This could be a future research endeavor of the authors. Information about potentially feasible axes of rotation also provides valuable feedback to designers by presenting the approximate manufacturability of a geometric model on a specific machine setup. Therefore, the goals of this axis of rotation approach were twofold: (1) enable process planning for nonfeature-based objects and (2) provide the fundamental starting point for a potentially new design for manufacture (DFM) tool. As future research, the authors would like to focus on providing redesign suggestions to the designer if an axis of rotation does not exist for a geometric model. It is proposed that, knowing the limited feasible set of axes, a second map could be generated; one that illustrates the geometry on the part that is most severely limiting the choice of setups. This may allow a designer to focus efforts on changes to problem areas of the part that are forcing the use of expensive multi-axis machines and setups, when fewer may be possible. 
